Abstract. The present work considers analysis of adhesive friction of rough surfaces using n-point asperity concept for statistical definition of surface roughness features, and accurate finite element analysis of elastic-plastic deformation of single asperity contact. The paper describes theoretical study in which whole range of deformation of an n-point asperity viz. from fully elastic, through elastic-plastic, to fully plastic is considered and the intermediate transition regime is treated analytically as well as numerically. Well defined adhesion index and plasticity index are used to study the prospective contact situations arising out of variation in material properties and surface roughness features. Using practical values of material properties and surface roughness parameters, results are obtained for normally applied load, friction force, and coefficient of friction. It is observed that the surfaces undergoing predominantly plastic type of deformation and having moderate to higher adhesion have constant coefficient of friction.
Introduction
Friction as a phenomenon, is defined as a resistance to movement of one body over the other; and from the perspective of its quantification, friction represents the tangential resistive force on the contacting surfaces of the bodies which try to move relative to each other. Mindlin [1] in 1949 was the first who studied the Hertzian contact under combined influence of normal and tangential loading. He advocated the stick-slip theory of contact regime according to which there exist central stick region surrounded by annulus slip region. In mid-twentieth century, with the work of Bowden and Tabor, the direction of studying different contact related tribological phenomenon changed suddenly. Bowden and Tabor exemplified the role of surface roughness in contacting bodies. They introduced the concept of real area of contact and have shown that because of surface roughness the real area of contact is very small as compared to apparent area of contact. This understanding of contact area brought back the Coulomb's old idea of adhesion being a possible cause of friction. Later on in their classical theory of adhesive friction, Bowden and Tabor [2] , described the adhesive friction as a tangential force required to shear off the adhesive bonds formed at the tip of contacting asperities due to local plastic deformation. Tabor [3] in his review paper presented a general critical picture of the understanding of frictional process. He emphasized that three basic elements are involved in the dry friction of solids viz. the true area of contact, the nature and strength of the interfacial bonds formed at the region of contact, and the way in which the material around the contact regions is sheared during sliding. Chang et al. [4] were the first to develop a static friction model for dry contact of rough surfaces by incorporating these three basic elements. They used Hamilton [5] explicit formulae to calculate the maximum tangential force that can be sustained before sliding inception. The Chang et al. approach of predicting tangential force differs from that of Mindlin with the fact that Chang et al. relates the start of full slip to material properties while Mindlin used local Coulomb friction law with a certain coefficient of friction. Again in Chang et al. model the first yielding of a single material point is treated as a criterion for sliding inception. Kogut and Etsion [6] showed that this assumption underestimates the permissible tangential force because the first failed point is still surrounded by considerable volume of elastic material which can support additional tangential load. Roy Chowdhury and Ghosh [7] used slip and yield as two separate limiting criterions to get total tangential force. They used Savkoor and Briggs [8] energy balance approach to get critical value of tangential force at which slip occurs while for plasticity condition they used von Mises criterion in conjunction with Hamilton stress field. In their model Roy Chowdhury and Ghosh assumed that with normally applied load some asperities get elastically deformed while others get plastically deformed and they ignored the intermediate elastic-plastic deformation of asperities. Chang, Etsion, and Bogy [9] (hence forth called as CEB approach) used conservation of asperity tip volume concept to account for area-displacement and load-displacement behaviours of the asperities undergoing transition type of deformation. But it is observed that the CEB analytical model suffers from a discontinuity in the contact load as well as in the first derivatives of contact load and contact area at elastic to elastic-plastic transition point. Literature shows some works (Evseev et al. [10] ; Zhao et al. [11] ; Kucharski et al. [12] ) intended to remove the discrepancies found in CEB's model. But these works were either mere mathematical exercises without much relevance to physical contact phenomenon [10, 11] or they lacked the accuracy [12] . Kogut and Etsion [13] (hence forth called as KE approach), based on their accurate FEA (Finite Element Analysis) results of single asperity contact, developed analytical expressions for transition zone behaviour of load and contact area.
Surface roughness plays significant role in the study of adhesion and concurrent adhesive friction (Roy Chowdhury and Ghosh [7] ; Schaefer et al. [14] ; Johnson [15] ; Rabinovich et al. [16] ). It is well known that the surface roughness is due to existence of protuberances of irregular size and shape and each such irregular entity found on the surface is called as an asperity. In conventional models the asperities are defined as peaks having some regular form at the tip. Also all such asperities on the surface are assumed to have identical tip radius with only variation in peak heights. This peak height concept of asperity signals that it is a three point asperity as minimum three points (height ordinates) are needed to define a peak. Though the models based on such asperity concept yield results in good agreement with experimental ones, fact remains that such definition of surface roughness features is far away from realistic. The n-point asperity concept introduced by Hariri, Zu, and Ben Mrad in 2006 [17] uses such assumptions to define surface roughness features that it gives close to realistic picture of asperities. Models with n-point asperities assume that at particular level of separation between an interfering plane and a rough surface, there exist asperities of different sizes (i.e. different radii of curvatures and different heights). Also each asperity doesn't exist as a separate entity throughout the progression of contact but the earlier asperity gets merged into a new asperity with contact progression.
From above literature it is observed that scope exist to study adhesive frictional contact by combining the well established accurate contact analysis theories within the frame work of n-point asperity surface roughness features. In the present work an attempt is made to model adhesive friction at rough surface contact considering whole range of deformations and based on RG [7] slip and yield behaviour of asperities under combined normal and tangential loads; Savkoor and Briggs [8] energy balance approach to get friction force at slip; von-Mises theory in conjunction with Hamilton [5] stress field to get friction force at yield; CEB's analytical approach and KE's FEA approach to predict transition regime behaviour of deforming asperities; and Hariri et al. [17] npoint asperity frame work. To the best of authors knowledge, no such study is found in the existing literature. Based on this new n-point asperity model, the elastic-plastic normal contact problems for non-adhesive and adhesive contacts have been considered earlier by Hariri et al. [18] , Sahoo et al. [19] , and present authors [20] [21] [22] [23] .
Fundamentals of n-Point Asperity Model
The n-point asperity model developed by Hariri, Zu, and Ben Mrad [17] is the foundation of present work. So in order to facilitate better understanding of present problem formulation, the npoint asperity concept is introduced in brief here.
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n-Point Asperity Concept
It is well known that the roughness of surface is due to existence of protuberances of irregular size and shape and each such irregular entity found on the surface is called as an asperity. [24] , Archard [25] , and Hariri et al. [17] . In conventional model like GW, the asperities are defined as peaks having hemispherical tips. All such asperities on the surface are assumed to have identical tip radius but with variation in peak heights. This peak height concept of asperity signals that it is a three point asperity as minimum three points (height ordinates) are needed to define a peak. Most of the models found in the literature are mainly based on this three point peak model. In spite of the wide acceptance of this model, Greenwood and Wu [26] brought their original idea of three-point peak under question and called it inadequate because it gives false idea of both the radius of curvature of asperities and the number of asperities. They suggested considering asperities as protuberances on protuberances on protuberances which was originally proposed by Archard [25] . Hariri, Zu, and Ben Mrad [17] used Archard's concept for definition of their asperity but with some modification. They used straight line segments to connect the consecutive height ordinates and obtained rough surface profile. The existence of an asperity on this profile is defined with respect to interference or separation between contacting surfaces. They named their asperity as npoint asperity where n is the indicator of number of height ordinates of which the asperity is comprised. For statistical modeling of asperity topography, Hariri et al. used probability density function (pdf) to cover the variation in height of height ordinates while auto correlation function (ACF) is used to cover variation in spacing of height ordinates. Measured or practical values of standard deviation of height ordinates, correlation length, and correlation coefficient can be incorporated in the pdf and ACF to predict existence of n-point asperity topography on the surface. The concept of existence of an n-point asperity can be clearly understood from Fig. 2 and Fig. 3 .
International Frontier Science Letters Vol. 11 As per the definition (Hariri, Zu, and Ben Mrad [17] ), an n-point asperity is said to exist above a certain level from the mean line of surface profile when out of total 'n' consecutive peak ordinates, middle (n-2) ordinates are above the level and end two ordinates are below the level. As can be seen in the figure 2, the rigid smooth surface is at a level of ' 'h from the mean line of rough surface profile and is interfering with the part of rough surface profile. Due such position of rigid smooth surface, there exist a 7-point asperity at a particular location on rough surface profile, which is comprised of total 7 number of consecutive height ordinates viz. is the joint probability density function (pdf) for event ' ' S . As the event ' ' S consists of ' 'n number of randomly varying height ordinates, each having its own distribution pattern, a joint pdf needs to be considered for the occurrence of event ' 'S . For the simplification of the problem, it is considered that each height ordinate follows Gaussian distribution. So the resultant joint pdf will also follow Gaussian distribution and as given by Hariri et al. [17] , for exponential autocorrelation function with correlation coefficient ) ( , it is given as
If we consider total M number of sample points on the surface then total number of n-point asperities in contact ) ( n M which are all comprised of same n number of height ordinates will be obtained as ( and correlation length ) ( . For a rough surface on which sampling points are scattered by following exponential type of auto correlation pattern, the sampling length will be given as
The statistical definition of an n-point asperity as given above depicts picture of discrete points which are the height ordinates. By connecting these height ordinates with lines, we get a polyline profile of rough surface. When a rigid smooth flat contacts with this polyline profile of rough surface, existence of n-point asperities of different dimensions get defined on the rough surface. The topography of an asperity gets more and more complicated with increase in value of ' 'n and with progression of contact. As, such complex asperities lacks single curvature, formulation of contact analysis problems becomes more complicated. So it necessitates assigning equivalent single height and curvature to each n-point asperity. For this purpose, Hariri, Zu, and Ben Mrad [17] replaced the poly line form of an n-point asperity with an equivalent parabolic form which is shown as dotted line curve in the figure 2. The equivalent parabolic curve passes through the first and the last points and also through a middle imaginary point whose ordinate is given by 0 z (called equivalent asperity height). The criterion for fitting the parabolic curve is that the area under equivalent parabolic n-point asperity should be equal to the area under poly line form n-point 
It should be noted that 0 z is simply equal to 2 z when 3 n  , and in such case above equation (5) need not be used.
Modeling Adhesive Frictional Contact: CEB Approach
In an earlier study [21] , authors analysed the adhesive friction contact in the frame work of npoint asperities by following RG model where the total applied load is taken as mere contribution from purely elastic and purely plastic regimes of deformation. In the present section of this study an attempt is being made to take into account the contribution from elasto-plastically deforming transition zone asperities also. CEB, in their study of plain elastic-plastic contact makes use of conservation of asperity tip volume concept to account for elasto-plastic zone of deformation and the same is being used in this section of present study for adhesive friction contact. In short, with respect to existing RG model of adhesive frictional contact, the novelty of present section work is twofold, viz. the use of CEB approach of combining elastic and plastic parts of total applied load and modeling the contact in n-point asperity frame work.
Applied Load Formulation for Single n-Point Asperity
At any instance of contact, a rough surface will carry asperities showing different sort of deformations, viz. purely elastic, purely plastic, and elasto-plastic. In present section to formulate normally applied load, Johnson et al. [27] (hence forth called as JKR) theory is used for purely elastically deforming asperities, Roy Chowdhury and Pollock [28] theory is used for purely plastically deforming asperities, while CEB theory is used to account the effect of elasto-plastically deforming asperities. For a single n-point asperity pressed by a rigid flat, the applied load equations are
In above equation (7), Here 0 z is the equivalent height of n-point asperity, h is the mean separation. It has already been 6 IFSL Volume 11 mentioned in the previous section that in n-point asperity model, the complex n-point asperity profile is converted into equivalent parabolic asperity profile. The quantitative parameters (equivalent height 0 z and radius n R ) of this best fit profile which is shown by dotted line in Fig. 2 , are obtained by equating the areas under the profiles.
In above equation (8) of an n-point asperity in plastic mode of deformation is obtained by following the asperity tip volume conservation theory of Chang et al. [9] , as
In above equation n y) (  is the critical interference of an asperity tip at yielding inception. In the present study it is obtained by following Tabor [29] consideration, that at yield inception, maximum contact pressure on the body exceeds or at least becomes equal to 0.6 times its hardness. This plasticity condition, for an n-point asperity can be written as 
The parameter Hariri et al. [18] , while the adhesion index
is same as defined in Sahoo et al. [30] .
Solution of equation (12) for lower limit of inequality gives the critical values (marking transition from elastic to plastic flow) of interference and curvature. But this single inequality is insufficient for solution, therefore two more relationships are considered. Following Johnson [31] , the relationship between real and apparent values of interference for an n-point asperity can be given as
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As per Hariri et al. [18] and Sahoo et al. [30] , at critical point of yielding inception, the curvature coefficient and interference are related as
Assuming the same relationship between their critical apparent values,
Now rewriting the equation (12) 
Solution of equations (13)- (16) gives critical values of real and apparent values of interference and curvature coefficient. In order to obtain a generalized solution, the load in equations (7) and (8) is first expanded to show the detailed geometric and material properties and then normalized with the load unit term H A 0 ; 0 A being the total nominal contact area of rough surface and for a sample size of M points it is as given by equation (4) . In this normalization process, non dimensional indices viz. adhesion index ) ( and plasticity index ) ( get introduced in the load equations. For a single n-point asperity, expressions for non-dimensional load in elastic and plastic deformations of asperity are given by 
Frictional Load Formulation for Single n-Point Asperity
The classical theory of adhesive friction does not consider the effect of surface forces as for large-scale asperities adhesion is insignificant. On the other hand, for small scale asperities deformation and friction at very smooth and clean surfaces are strongly affected by surface forces. The frictional force for such asperities on the surface is the force offering resistance to tangential movement and plastically deformed asperities offer negligible resistance (Roy Chowdhury and Ghosh, [7] ). The initially elastically deformed asperities contribute to friction force until yielding occurs under the combined action of normal load and tangential force. The other group of asperities which remain elastic even under the combined effect of normal and shear stresses will undergo slip. Thus the friction resistance for deformation up to plastic limit is composed of two parts: a) Friction resistance before tangential slip   
IFSL Volume 11
Beyond slip point there exist some asperities which are still elastic under combined effect of tangential and normal stresses and these asperities also contribute to frictional resistance until yielding takes place. So it becomes necessary to find out plasticity condition at the area of contact on an n-point asperity. It is obtained by using von-Mises criterion in conjunction with Hamilton [5] stress field. In his work Hamilton gives stress field for an elastic contact between two bodies with non-conforming surfaces, i.e. a sort of Hertzian contact, which in present study is treated as contact between an equivalent n-point asperity and a rigid flat. For a contact situation with contact area along x-y plane, normal load  along 'x' direction, Hamilton has shown that for a normally loaded contact the maximum tensile stress occurs at the circumference of the contact circle and in the presence of a tangential force in addition to the normal load the tensile stress increases at the back edge. Maximum shear stress, on the other hand, occurs below the surface for a normally loaded contact. An additional tangential force causes yielding to occur at lower loads and a new region of likely failure develops at the back edge of the contact circle. Beyond
this region dominates the stress field and below this value surface yielding occurs at even lower stress levels. It was therefore concluded that, on both counts, maximum tensile stress and maximum yield criteria, the region near the back edge of the contact is most likely point of failure. The stress field at this point for an elastically loaded n-point asperity is as given below. 
where the normally applied load 
Solution of equation (21) 
Modeling Adhesive Frictional Contact: KE Approach
As compared to the analysis given above, the present section differs only in the way of treating the intermediate elastic-plastic transition zone. In this section instead of CEB's analytical approach expressions, KE finite element approach expressions are used. While modeling elasticplastic contact of a single asperity, Kogut and Etsion [13] found that the analytical approaches like CEB gives discontinuity in load-deformation behaviour at elastic to plastic transition point but FEA (Finite element analysis) approaches accurately predict such behaviour at transition. Based upon their accurate FEA results for elastic-plastic contact of single asperity, they developed expressions for transition zone behaviour of load and contact area. Same expressions are incorporated in present section to model elastic-plastic adhesive contact using n-point asperities. In earlier study also the present authors (Waghmare and Sahoo, [22] ) have successfully incorporated the KE expressions for non-adhesive frictional contact. The present adhesive friction contact study is based upon RG's slip and yield theory of contacting asperities. As compared to existing RG model of adhesive frictional contact, the novelty of present section work lies in use of KE approach expressions for predicting normal and tangential load in elastic-plastic transition zone and modeling the contact problem in npoint asperity frame work.
Applied Load Formulation for Single n-Point Asperity
KE model considers four distinct zones of an asperity deformation in elastic-plastic contact progression. The same four zones are used in present section study of elastic-plastic adhesive contact progression with an n-point asperity. In terms of critical value of interference ) ( ) ( n y  , marking yield inception, these zones of deformation are as given below. For purely elastic and purely plastic deformation of an n-point asperity, the same theories as discussed in above section are used (i.e. JKR theory [27] for elastic deformation and Roy Chowdhury and Pollock theory [28] for plastic deformation). For purely elastic part of formulation, the same equations viz. (17) is used. But for purely plastic part of formulation, the equation (18) as give in above section needs to be modified. This is because, in above section, CEB approach of conservation of asperity tip volume is used to calculate the contact area, while in this section as KE approach is being used therefore the contact area in purely plastic deformation needs to be calculated by using truncation volume concept. So, corresponding changes are incorporated in equation (18) to get applied load value of purely plastic deformation. With these considerations, load required to be applied for elastic and plastic type of deformation in presence of adhesion can be given as. , which is product of nominal contact area and hardness of asperity material. Load values in equations (23) and (24) are already in normalized form. Equations (25) and (26) It is to be noted that the plasticity index (ψ) [18] and adhesion index (ϕ) [30] , got introduced in above equations (23) - (24) and (27) - (28) in normalization process.
Frictional Load Formulation for Single n-Point Asperity
KE demarcated four distinct zones of asperity deformation, viz. elastic, elastic-plastic stage-I (predominantly elastic), elastic-plastic stage-II (predominantly plastic), and plastic. Now, for modeling the frictional load, first it is necessary to fix which sorts of asperities in each zone of deformation contribute to it. Kogut and Etsion [32] in their frictional contact study have proved that the contacting asperities only in elastic and predominantly elastic zone of contact (elastic-plastic stage-I) support tangential load. So accordingly in present study to calculate tangential load values corresponding to slip and yield points, the limits of asperity deformation are modified. But the modeling procedure for slip and yield parts of frictional load are the same as given in above section. The slipping of the asperities because of tangential load may occur either in purely elastic or elasticplastic stage-I zone of deformation. Therefore, resistance offered by such asperities before slip is calculated as frictional force using equation (19) while the resistance offered by asperities which do not slip is calculated by equation (22) . 
Modeling Rough Surface Contact
After modeling applied load and frictional load for single n-point asperity as given above, the probabilistic multi asperity approach is adopted to model the behaviour of nominally flat contacting surfaces. The contact between two rough surfaces is first simplified in to an equivalent situation of contact between equivalent rough surface and a rigid flat surface (see Fig. 4 ) (Greenwood and Tripp [33] ; O'Callaghan and Cameron [34] ). All the asperities emerging because of interference between a rigid flat plane and the equivalent rough surface are treated as n-point asperities. The statistical existence of each n-point asperity is evaluated by using equation (1) with necessary changes in it to accommodate the equivalent asperity parameters. Variation in size of an n-point asperity is achieved
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by using a Gaussian joint probability density function (pdf) combined with exponential auto correlation function as given in equation (2) . The number of n-point asperities emerging out of interference will be the product of total number of sample points (height ordinates) considered on the sample space of surface under study and the probability of existence of each asperity.
Applied Load on Rough Surface: CEB Approach
In CEB approach the different zones of deformation are marked as given below. give probability of existence of single n-point asperity in above two respective zones and are evaluated by using equation (1) for the corresponding limits of interference of an equivalent n-point asperity. The applied load for these groups of n-point asperities is calculated by taking product of number of asperities in contact and the respective expected value for single n-point asperity.
The expectation operator  .
E is used to symbolically represent the mathematical procedure followed to calculate average or mean value of a random variable in defined range of variation and with defined pattern of distribution of the random variable in that range.
As can be seen in equation (31) in above equation (13) , that yields,
Load on all asperities having specific n value and deforming in elastic and plastic domain of contact is
Total applied load on the rough surface under consideration is the summation of all 
Frictional Force on Rough Surface: CEB Approach
The formulation of frictional load for single n-point asperity as given above in section is incorporated into a probabilistic multi-asperity contact model by following the same methodology International Frontier Science Letters Vol. 11as narrated above. Accordingly, the non dimensional frictional force contributed by all n-point asperities with specific 'n' value (i.e. all those n-point asperities which are comprised of specific 'n' number of ordinates), before slip and before yield can be calculated as given below.
If give probability of existence of single n-point asperity in above two respective zones and are evaluated by using equation (1) for the corresponding limits of interference of an equivalent n-point asperity. Now, the tangential load supported by such n-point asperities on the surface which are all comprised of specific ' 'n number of height ordinates will be The applied load for group of n-point asperities which are all comprised of same 'n' number of height ordinates and undergoing deformation of particular type is calculated by taking product of number of asperities in contact and the respective expected value for single n-point asperity. As compared to equations (38) and (39) which are used for CEB approach, above equations (56) 
 
Results and Discussion
In order to study adhesive friction with two different approaches viz., CEB and KE, the corresponding formulations as modeled above for total applied load and total frictional force are solved by using MATLAB code. The applied load and tangential load formulations consists of different surface roughness and material properties related parameters like number of height ordinates ) (n , correlation coefficient ) ( , adhesion index ) ( and plasticity index ) ( .The different conditions of contact with respect to variation in material properties and surface roughness features are obtained by varying the well-defined indices, viz., the plasticity index ) ( [18] and adhesion index ) ( [30] . Care is taken in selection of these indices for study so that we get significantly different zones with respect to plasticity effect and adhesion effect. Physically, correlation length    gives an indication of the nature of the profile or surface. It represents the maximum distance over which significant correlation in roughness heights exist. In other words, correlation length is the distance between two statistically independent points. Smoother surfaces generally have large correlation lengths while rougher surfaces have low values of correlation lengths. A profile of white noise (representing perfectly rough surface) have zero correlation length while a straight line profile (representing perfectly smooth surface) have correlation length equal to infinity. Standard deviation of asperity heights ) ( (RMS height) and correlation length ) ( gives roughness measure on vertical and horizontal scale respectively. Thus we can say that the roughness of surface corresponds to high values of RMS heights and low values of correlation lengths. A surface profile with low value of correlation length will carry thin and sharp asperities while that having high value of correlation length will have thick and flat asperities. In the present study practical value of correlation length ) ( is chosen as 6.5 μm which is same as that used in earlier studies [18, 30] .
Correlation coefficient    defines the extent of similarity between the asperities and it carries values in between 0 and 1. For high correlation coefficient, the surface will carry highly correlated
16
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or highly similar asperities, and vice versa. As two extremities of similarity are impracticable, therefore an average value i.e. 5 0.   is used as correlation coefficient in present study. It is to be noted that the correlation coefficient ) ( may vary by changing the sampling length ) ( x  . This is because for a surface on which sampled points are distributed with exponential type of auto correlation function, the sampling length, correlation length, and correlation coefficient are related as, ) ln (
, and correlation length ) ( being a characteristic of surface under study, it remains constant. The choices of  and m ax n (maximum value of n or maximum value of the number of height ordinates of which an asperity is comprised of) are dependent on each other. The value of  dictates the choice of m ax n to a large extent. Hariri et al. [17] have shown that for low value of  , lower value of m ax n is sufficient and for high value of  , higher value of m ax n is required. Earlier studies of Hariri et al. [18] and Sahoo et al. [30] . This selected value of correlation coefficient represents a compromise value between the maximum and minimum values of correlation. Though it is better to consider higher m ax n for a particular value of  but it increases the numerical computational complexity with almost negligible improvement in accuracy. In present work, the non dimensional separation ) (
between rigid smooth surface and equivalent rough surface is considered between 0 to +3 and for Gaussian distribution of asperity heights this range of separation covers almost 100% of the asperities.
is function of hardness (
H ) of the softer of two contacting surfaces, composite elastic modulus ( E ) of contacting surfaces, and surface roughness parameters ) (
 
and . The plasticity index is responsible for creation of prospective contact situations due to variation in applied load, material properties and surface roughness. Higher the value of plasticity index (ψ), lower will be plasticity effect, and vice versa. Plasticity index values help to demarcate the whole regime of contact deformation for predominance of particular type of deformation. In present study three different values of  are used, viz., 2.0, 0.9, and 0.3 to represent predominantly elastic, elasto-plastic, and plastic regimes of asperity deformation respectively.
This adhesion index ( ), which is same as that defined in Sahoo et al. [30] study, combines the work of adhesion per unit contact area (  ), composite elastic modulus of contacting surfaces ( E ) and surface roughness parameters ) (
and . Higher the values of  , higher will be adhesion effect and vice versa. Earlier analysis [30] considered the adhesion index in the range 0.1 to 0.9. As per Israelachvili [35] , cover low, moderate, and high adhesion effect zones respectively. First the results are obtained by solving CEB approach formulations for total applied load and total friction force on the rough surface (plots in Fig. 5-8) . Plots in Fig. 5 (a, b, c) and Fig. 6 (a, b,  c) show variation in non-dimensional friction force with variation in non-dimensional mean separation between contacting surfaces. The general trend of behaviour in all the plots is with decrease in distance of separation, friction force increases. This can be attributed to the fact that International Frontier Science Letters Vol. 11with decrease in separation, more number of asperities comes in contact, also the size (radius of curvature) of asperities which are already in contact increases, and cumulative effect of this gives increased friction force. Fig. 5 (a, b, c) are function of adhesion index while that in Fig. 6 (a, b, c) are function of plasticity index. Increase in adhesion index value from 0.3 to 0.9 represents increased adhesion effect while decrease in plasticity index from 2.0 to 0.3 represents increased plasticity effect. As can be seen in Fig. 5 (a, b, c) , with increase in adhesion effect (i.e. with increase in adhesion index from 0.3 to 0.9) friction force at particular level of separation increases. Physically it means higher the adhesion, higher will be bonding (due to secondary forces of attraction) between the contacting asperity surfaces. And in turn it will demand higher tangential forces to shear them. Fig. 6 (a, b, c) show that with increase in plasticity effect (i.e. with decrease in plasticity index from 2.0 to 0.3) friction force at particular level of separation increases. Physically it means higher the tendency to deform plastically higher will be frictional force. Rougher surfaces carry slender asperities with higher peaks which have tendency to deform plastically. In short from all plots in Fig. 5 (a, b, c) and Fig. 6 (a, b, c) , it can be concluded that at a particular level of separation between surfaces, friction force increases with increase in adhesion and plasticity effects. Physically, increase in adhesion effect is characteristic of smoother surfaces and/or surfaces possessing higher surface energy, while increase in plasticity effect is the characteristic of rough and/or soft surfaces.
Plots in
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Plots in Fig. 7 (a, b, c) and Fig. 8 (a, b, c) show variation of non-dimensional friction force with variation in non-dimensional normally applied load. The general trend of behaviour in all the plots is that the friction force is almost proportional to normally applied load. In Fig. 7 (a), (b) and Fig. 8 (a) , plots with the combination of higher  and lower  show small non linearity. Physically it means surfaces which have higher tendency to deform elastically and are more rough show nonlinear behaviour of friction force with normally applied load.
From rest of the plots in Fig. 7 and Fig. 8 it is clear that higher the tendency to deform plastically (lower values of ψ) and/or higher adhesion effect (higher values of ϕ), higher will be linearity in variation of friction load with respect to normally applied load. Fig. 7 (c) and (d) show plots plotted in high zone of plasticity effect (i.e. for low value of ψ) for different values of  representing negligible to high adhesion effect. All these plots are exactly linear and also as can be seen in Fig. 7 (d) negligible adhesion effect values give positive values of applied load. Positive values of applied load indicate predominance of deformation effect forces over adhesion effect forces. In Fig. 7 (c) and (d) it is observed that with the increase in adhesion effect the slope of friction load -normally applied load plots increase in both negative and positive zones of normally applied load. Now results are obtained for total applied load and total friction force on the rough surface by solving KE approach formulations. These results are plotted along with the results from CEB approach formulations in order to facilitate the comparison. In Fig. 9-11 , all dotted line plots represent the CEB approach formulation results while the continuous line plots represent the KE approach formulation results.
KE approach of formulation makes use of mathematical expressions obtained from the finite element analysis (FEA) results while CEB approach of formulation is based upon purely analytical
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technique. Now days, it is well established fact that the FEA techniques of solving contact problems yield better results as compared to conventional analytical techniques. So in the present study it is expected that KE approach of formulation should be more accurate than CEB approach of formulation. As can be seen in all plots of Fig. 9 and Fig. 10 , there exists qualitative agreement between CEB and KE approach formulation's results but quantitatively they don't match in predominantly elasto-plastic and plastic domains of deformation. This is evident from clear deviation observed between dotted and continuous line plots in all the figures except Fig. 9 (a) . In Fig. 9 (b) and (c), it is observed that the results obtained by solving CEB approach formulations are overestimating the friction load for particular value of applied load while in Fig. 9 (a) , the CEB approach formulation results are exactly matching with those obtained by KE approach formulation. This may be attributed to the fact that both the CEB and KE approach of formulation treat the purely elastic zone of contact in exactly same fashion and the difference exist in these two approaches for the rest of zones of deformation. Physically it means surfaces undergoing predominantly plastic type of deformation and having moderate to higher adhesion have constant coefficient of friction. Also it is observed that at a particular value of applied load, for smaller value of  , coefficient of friction values are high.
Physically it means higher the tendency to deform plastically higher will be coefficient of friction. As already cleared the rough surfaces have higher tendency to undergo plastic type of deformation. Comparison of results from the two approaches shows that there is qualitative agreement between the results with the two approaches. But from quantitative agreement point of view, CEB approach formulation overestimates coefficient of friction for predominantly elasto-plastic and plastic deformations.
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IFSL Volume 11 From the present parametric study results it is possible to locate the combinations of adhesion index and plasticity index that may yield very low coefficient of friction. Thus suitable choice of surface and material parameters for the contact of two rough surfaces can be made in order to minimize friction typically at low load and micro scale roughness situations. But there is difficulty in comparison of the results of present adhesive friction contact model which is using n-point asperities with those using conventional three point asperities. This is because such comparison demands definition of equivalence of radii of asperity from these two models. It may be noted here that the n-point asperity radius depends upon its dimension value 'n' and sampling length and changes with progression of contact. While conventional three point asperity radius definition doesn't involve sampling length and radius value is assumed to be constant throughout the progression of contact. Thus comparison of results for contact model developed with n-point asperities with those developed with conventional asperities could not be done. So the only way remaining to validate the results of models which are using n-point asperities is to conduct experimentation with the help of high end instruments like Atomic Force Microscope or Surface Force Microscope.
Conclusion
Use of n-point asperities to define surface roughness features represents more realistic picture than any other conventional method. Also incorporation of KE approach formulation for intermediate transition state of elastic-plastic deformation at the asperity level gives complete solution. Qualitative trend of the results found is same as that observed in the literature with conventional asperities. It is observed that the surfaces undergoing predominantly plastic type of deformation and having moderate to higher adhesion have constant coefficient of friction. It is possible to identify the combinations of adhesion index and plasticity index that may yield very low coefficient of friction. Thus suitable choice of surface and material parameters for the contact of two rough surfaces can be made in order to minimize friction typically at low load and micro scale roughness situations. total number of n-point asperities which do not slip in elastic-plastic stage-I zone of deformation and having specific 'n' dimension n dimension of an n-point asperity which indicates the number of height ordinates, the asperity is comprised of N probability of existence above a defined level for an n-point asperity; all the subscripts and sub-subscripts of N have the same meaning as it is associated with the subscripts and sub-subscripts of 
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Notations
